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$|Sy1_{p}(G)|\equiv 1$ mod $gcd(n, |G|)$
1872 (1832-1918)
[It 89]
Frobenius (1895): $P^{i}$ $G$ $P^{i}$ $G$ $p$
1
Frobenius (1903): $n$
$\#\{x\in G|x^{n}=1\}\equiv 0$ mod $gcd(n, |G|)$
$P$ $G$ $p$- $P^{l}$ $:=|P|=|G|_{p}$
P.Ha11(19$5): $P$ $0\leq i\leq l$
$\#\{H\leq G||H|=p^{*}\}\equiv 1$ $mod p^{t-:+1}$ .
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2A.Kulakoff (1931) $+P.Hal1(1935):p\neq 2$ $P$ $0<i<l$
$\#\{H\leq G||H|=p^{:}\}\equiv 1+p$ $mod p^{2}$ .
G.A.Miller (1904): $p\neq 2$ $P$ $2\leq i<l$
#{ $p^{1}$ }\equiv 0 $mod p$ .
A.Kulakoff (1931): $p\neq 2$ $G$ p\iota $0<i<l$






K.Brown (1975): $S_{p}$ $G$ nontrivial p-
$\chi(S_{p})\equiv 1$ mod $|G|_{p}$ .





$\mu$ : $SxSarrow Z$
$\mu(x, x)=1;\mu(x, y)=0$ if $x\not\leq y$ ;
$\sum_{y\leq z}\mu(x, y)=\sum_{y\geq x}\mu(y, z)=\delta_{x,z}$
, $x\leq z$ .
( . )
3 ( ) [Wa 80],








$|Hom(C_{n}, G)|\equiv 0$ mod $gcd(n, |G|)$




P.Hall (1935): $A$ ( ) $B\leq A$ $x\in A$ $A=\langle B, x\rangle$
$\mu$ : $Barrow G$ $G$
$\#\{\lambda : Aarrow G|\lambda_{|B}=\mu\}\equiv 0$ mod $gcd(|C_{G}(\mu(B))|, |A/[A, A]B|)$ .
$[A, A]$ $C_{G}$
P.Hall (1935): $P$ $G$ p- $C_{p^{f}}$ $r\geq 1$
$|Hom(C_{p}‘, G)|\equiv 0$ $mod p^{m}$
$p^{m}$ $;=\{\begin{array}{l}(P\cdot.\Omega_{1}(P))Pi\grave{\grave{>}}j\mathbb{E}\text{ }p- \text{ }p^{p-I}k\emptyset\dagger\#\end{array}$
( $p$- [Hu 67] $\circ$ )
$([Yo??])$
T.Yoshida (19??): $A$ $G$
$|Hom(A, G)|\equiv 0$ mod $gcd(|A|, |G|)$ .
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$s(A, G)$ $:=$ $\#\{H\leq G|H\cong A\}$
$h(A, G)$ $;=$ $|Hom(A, G)|$ .
$A,$ $G$ $A$
$C_{n}$ $n$ $G$ ( $h_{n},$ $s_{n}$ $n$
)
$h_{n}$ $;=$ $h(C_{n}, G)=\#\{x\in G|x^{n}=1\}$
$s_{n}$ $;=$ $s(C_{n}, G)=\#\{H\leq G|H\cong C_{n}\}$
$h_{n}= \sum\varphi(r)s_{r}$ , $n\geq 1$ .
$r|n$
\varphi (r) ( $\varphi(r)$ $C_{r}$ )
:
$S_{G}^{cyc}(z)$ $;=$ $\sum_{n=1}^{\infty}\frac{\varphi(n)s_{n}}{n^{z}}=\sum_{g\in G}\frac{1}{|g|^{z}}$,







$h(A, B)$ $:=$ $|Hom(A, B)|$
$s(A, B)$ $:=$ $\#\{A’\leq B|A’\underline{\simeq}A\}$
$d(A, B)$ $:=$ $\{\begin{array}{l}|AutA|ifA\cong B0else\end{array}$
$q(A, B)$ $:=$ $\#\{A’\underline{\triangleleft}A|A/A’\cong B\}$
4 $H,$ $S,$ $D,$ $Q$
:
ff $:=(h(A, B))_{A,B}$ , $S$ $:=(s(A, B))_{A,B}$
$D:=(d(A, B))_{A,B}$ , $Q:=(q(A, B))_{A,B}$ .
(LDU- ) : $H=QDS$
$A,$ $G$






$h(A_{1}, G)=h(A_{2}, G)\forall G$ $\Rightarrow$ $A_{1}\cong A_{2}$
$h(A, G_{1})=h(A, G_{2})\forall A$ $\Rightarrow$ $G_{1}\cong G_{2}$
$A_{1},$ $A_{2},$ $A,$ $G_{1},$ $G_{2},$ $G$
6$S=D^{-1}Q^{-1}H$ $Q^{-1}$
: $s(A, G)= \frac{1}{|AutA|}\sum_{B\underline{\triangleleft}A}\mu_{A}^{n}(1, B)h(A/B, G)$
$\mu_{A}^{n}$ $A$
: $A$ $B$
(1) $\mu_{A}^{n}(1, B)\neq 0$ , $B$ $A$ (
)
(2) $B=Z(B)xB_{1}x\cdots xB_{r\text{ }}$ $B$; $A$
$\mu_{A}^{n}(1, B)=(-1)^{r}\mu_{A}^{n}(1, Z(B))$
(3) $B$ $A$ $A$ $B$
A- $B=B_{1}x\cdots xB_{k}$ $B$: $A$
$i\neq j$ $B$; $B_{j}$ $A$-
$\mu_{A}^{n}(1, B)=\prod_{1=1}^{k}\mu_{A}^{n}(1, B_{i})$
(4) $p$ $V$ $F_{p}A-$ $q:=|End(V)|$ $A$ $B$ A-
$rV$ ( $V$ $r$ )
$\mu_{A}^{n}(1, B)=(-1)^{n}q^{()}2r$
(5) $A$ P- $B$
$\mu_{A}^{n}(1, B)=\{\begin{array}{l}(-1)^{\tau}p^{()}2^{\Gamma}ifC_{p^{f}}\cong B\leq\Omega_{1}(Z(A))0ifB\not\leq\Omega_{1}(Z(A))\end{array}$
$\Omega_{1}(Z(A));=\langle x\in Z(A)|x^{p}=1$ }
:









$h_{1}\equiv 0$ $(mod p)$ , $h_{2}\equiv h_{11}\equiv 0$ $(mod p^{2})$













$S_{w}= \sum_{A\in A}\frac{w(A)}{|AutA|}’\sum_{\underline{\simeq}A/c}’\mu_{A}^{n}(1, B)h(C, G)cB_{\frac{\sum_{\triangleleft}}{B}}A$
:
: $A\in A$ ( $w(A)$ $w(|A|)$ )
$S_{w}= \sum_{C,B}\frac{\mu(1,B)w(|B|\cdot|C|).|Ext(C,B;A)|}{|AutB|\cdot|AutC||Hom(C,B)|}h(C, G)$
’
8$B,$ $C$ $\mu$ $G$
$Ext(C, B;A)$ :
$Ext(C, B;A):=\{1arrow Barrow A(\in A)arrow Carrow 1(c.e.)\}/\cong$
: $A$
: $A=C=$ { } $w(n)=n^{-z}$
$|Aut(C_{n})|$ $=$ $\varphi(n)$
$|Hom(C_{n}, C_{m})|$ $=$ $gcd(m, n)$
$|Ext(C, B;A)|$ $=$ $\varphi(m)\varphi(n)\cdot gcd(m,n)$













9: $B,$ $C\in A_{p}$
$|Ext(C, B;A)|$ $=$ $|Hom(C, B)|$
$\mu(1, B)$ $=$ $\{\begin{array}{l}(-1)^{m}p^{()}2mifB\text{ }C_{p^{m}}0else\end{array}$
$w(p^{n})=x^{n}$
$S_{G}^{Ap}(x)$ $=$
$\sum_{n\geq 0}\sum_{|A|=p^{n}}\prime s(A,G)x^{n}=\sum_{A\in A_{p}}s(A,G)w(|A|)/$
$=$ $\sum_{C,B}\frac{\mu(1,B)w(|B|\cdot|C|)}{|AutB||AutC|}h(C, G)/$



















$\prod_{m=1}^{\infty}(1-p^{-m}x)^{-1}$ $=$ $\sum_{k=0}^{\infty}\sum_{n=0}^{\infty}p(k, n)p^{-k_{X}n}$
$=$ $\sum_{A}’\frac{1}{|A|}x^{rk(A)}$

















$|Ext(C_{p^{s}}, C_{p^{r}} ; A)|=1$ :
$\{\begin{array}{l}nr\end{array}\}$ $;=$ $\#\{B\subseteq C_{p}^{n}||B|=p^{f}\}=\frac{[\rho]_{n}}{[\rho]_{t}\cdot[p]_{n-r}}$
$[p]_{n}$ $;=$ $(p-1)(p^{2}-1)\cdots(p^{n}-1)$
$|GL(r,p)|$ $=$ $p^{(;)}[\rho]_{r},$ $\mu(1, C_{p}^{f})=(-1)^{r}p^{()}2r$
LDU- :
$h(C_{p}^{n}, G)$ $=$ $\sum_{r=0}^{n}\{\begin{array}{l}nr\end{array}\}|GL(r,p)|s(C_{p}^{f},G)$






(1) $f(p^{n})=1$ : $<p$
$S_{G}^{Ep}(x)$
$:= \sum_{n\geq 0}s(C_{p}^{n}, G)x^{n}$
$= \sum_{n=0}^{\infty}(\sum_{r=0}^{\infty}\frac{1}{[p]_{\gamma}}(-p^{-n}x)^{t})\frac{h(C_{p}^{n},G)}{|GL(n,p)|}x^{n}$
$=( \prod_{f=1}^{\infty}(1-p^{-r}x))\cdot\sum_{n=0}^{\infty}(\prod_{r=1}^{n}(1-p^{-r}x)^{-1})\frac{h(C_{p^{n}},G)}{|GL(n,p)|}x^{n}$
$G=1$ $S_{G}^{Ep}(x)=1$ $h(C_{p}^{n}, G)=1$
(1893) ([An 76] Cor. 2.6) :
$\prod_{r=1}^{\infty}(1-p^{-r}x)^{-1}=\sum_{n=0}^{\infty}\frac{x^{n}}{|GL(n,p)|\cdot\prod_{l}^{n_{=1}}(1-p^{-i}x)}$









$h(C_{p}^{n}, G)\equiv 1-\chi(S_{p})$ mod $gcd(p^{n}, |G|)$
3
9. $p$- $\mathcal{A}=\mathcal{G}_{p}$
$|Ext(P, C_{p}^{f};\mathcal{G}_{p})|$ $=$ $|H^{2}(P, Z/pZ)|^{r}$
$|Hom(P, C_{p}^{f})|$ $=$ $|H^{1}(P, Z/pZ)|^{t}=|P/\Phi(P)|^{r}$











2 $C$ $p^{N}$ $Narrow\infty$
$P$ $p^{n}$ $d$
$(\begin{array}{l}d2\end{array})\leq\log_{p}\eta(P)\leq(\begin{array}{l}n2\end{array})$











$\sum_{n=0}^{\infty}\frac{h_{n}(A)}{n!}t^{n}=$ exn $( \sum_{B\leq A}\frac{1}{(A\cdot.B)}t^{(A:B)})$









$\nu_{p}(t)>0$ ( $\nu_{p}(p^{e})=e$) (p- ) $([Ko77]$
$IV.2)$
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